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Introduction
Fast development of digital and computer equipment 
in the last few years has caused growing interest of the 
optical electronic hardware researchers and develop-
ers in synthetic and digital holograms.
Synthetic holograms are generally understood as holograms 
calculated by computer and hardcopied with image gener-
ators. Digital holograms on the other hand are registered 
in the coherent light with CCD sensors or other electronic 
devices. Nevertheless both types of holograms are basically 
similar to each other and are distinguished from conven-
tionally recorded ones by their discrete structure.
Current literature provides quite good coverage of the 
hologram synthesis. For example, [1-3] describe the 
methods to synthesize the holograms suitable for prac-
tical photolithography applications when the object is 
usually a two-dimensional transparent overlay. In the 
general case, they essentially calculate the holographic 
field intensity in each hologram dot and plane under 
different synthesis parameters [4], such as wavelength 
used, distance between hologram and object, size of 
the smallest object structure element, etc.
Meanwhile the particular properties of imaging by 
discrete holograms or in other words their imaging 
capabilities have not been studied in the sufficiently 
detailed way. Whereas understanding such particu-

lars is a crucial factor since it facilitates optimization 
of hologram synthesis and reconstruction in terms of 
hardware and time resources used. These were the fac-
tors behind writing this paper, which is aimed at re-
searching the imaging properties of discrete diagrams 
as applicable to synthesized hologram projectors used 
for projection holographic photolithography.

1. Imaging Properties of Discrete 
Holograms
Impact of the discrete hologram structure on 
the reconstructed image

The most convenient way to investigate the discrete 
hologram imaging properties is to start with analyzing 
the spatial spectrum of the field reconstructed with the 
discrete hologram of field Ud(x) [5]:
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The analysis shown in this paper was conducted for 
the discrete amplitude hologram of a two-dimension-
al transparent overlay object, generated by the object 
wave propagating along the line normal to the syn-
thesis plane, or by registering the hologram and ref-
erence wave falling at a certain angle to it (off-axis 
or Leith&Upatnieks hologram [6]). Selection of this 
particular research object would not interfere with the 
generality of the results obtained, since the amplitude 
modulation of hologram would affect only its lineari-
ty and diffraction efficiency but would not sufficiently 
change the hologram imaging properties predeter-
mined by its discreteness. 
The first summand of equation (1) describes the am-
plitude of radiation reconstructed by the continuous 
hologram registered in the analog form. The second 
summand is a convolution of the equation describing 
the spectra of zero and first orders of analog hologram 
diffraction with the sum of unit-impulse functions. It 
describes periodic repetition of the spectrum of the field 
reconstructed with the continuous hologram predeter-
mined by the discrete structure of the hologram.
Thereat the multiplication period of this spectrum is 
equal to xn = 1

 / dd, where dd – is the period of hologram 
discretization. Note also that the second summand of 
equation (1) includes the product of multiplied spec-
trum times the function depending of the value sin(πxa), 
which is the evidence of modulation of the reconstructed 
field spectrum. In case of the synthesized hologram, this 
modulation is defined by the diameter of the focal spot of 
the image generator, or the fill factor of the CCD sensor 
in case of digital hologram. Note that the spatial frequen-
cy of reconstructing wave corresponds to the maximum 
of this modulating function.
Spectrum of the amplitude of the field reconstruct-
ed by discrete hologram is schematically displays on 
Figure 1 [7, 8]. The object here is characterized by 
the spatial frequency band of ±D/2. 2D wide peaks 
on this schematics are intermodulation interference. 
Narrower peaks of D width correspond to the spectra 
of the images reconstructed in the first orders of the 
hologram diffraction. Unit-impulse functions shown 
as arrows on the diagram describe periodic repetition 
of the reconstructing wave spectrum caused by the dis-
crete structure impact. 

Fig. 1. Spectrum of the field reconstructed with the discrete 
structure hologram

The spectrum shape shows the presence of specific 
conditions that permit to select the optimal hologram 
synthesis (or registration) parameters in terms of en-
suring spatial separation of the reconstructed field 
components. For example, if we select the hologram 
sampling period equal to the focal area diameter of the 
image generator in use (CCD-sensor pixel):

da d= , (2)

then the envelope line nodes will mate with the po-
sition of multiplied spectra of the reconstructing 
wave, which will result in suppressing the recon-
structing wave spectrum multiplication. Meanwhile 
the requirement for spatial separation of all com-
ponents of the reconstructed field remains in force, 
which demands artificial limitation of the registered 
object spectrum width. Such limitation may be re-
corded as an inequation: 

1/ 4 .ddD ≤   (3)
Hence, it is possible to define the requirement to the 
spatial frequency of the reference wave. It must be 
equal to:

maxsin / 1,5 ,rx = θ l = D   (4)

where Dmax = dd
 / 4. The condition for selecting the op-

timum angle of incidence of the reference wave follows 
from equation (4):
sin 1,5 /4 .ddθ = l  (5)
(5) results in a new limitations for the operating wave 
length used to reconstruct the discrete hologram. Since 
the value of sin|θ| cannot exceed 1, the wave length 
suitable to reconstruct the synthetized hologram may 
not exceed the value of the hologram sampling period 
more than 2.7 times. 
Equation (3) that correlates the object spectrum width 
with the hologram sampling period, permits to infer 
the limitations of the object maximum spatial frequen-
cy xomax, arising due to its discrete structure:

max max /2 1/8 .o ddx = D =   (6)

Whereas (6) leads to limitation of minimum size of 
object structure element аt, which is related to the ho-
logram discrete structure:

max1/2 4 .t o da d≥ x =  (7)

Taking into account (7) it follows from (5) that the 
minimum size of the object element shall not be less 
than 1.5l to guarantee spatial discrimination of all dif-
fraction orders. However even in this case the hologram 
will register only the sideband of the object spectrum. 
Successful registration of the entire object spectrum 
will require registering the information in the frequency 
band of:
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max max max2 4 ox ≤ D = x .  (8)

Using the sustained progressing wave condition [3], 
we can infer the following equations from (8):

max4 1,ox l ≤  
 (9)

max 1/4 .ox ≤ l  (10)

Hence, it follows that provided the hologram diffrac-
tion orders spatial separation is maintained the entire 
object spectrum may be registered on the discrete ho-
logram only when the following inaquations are sat-
isfied:

2ta ≥ l  and /2.dd ≥ l  (11)

Also note that subject to diffraction limitations the 
minimum size of the image structure element used 
in the optic science is equal to the wave length l. 
Consequently, the hologram discrete structure would 
result in at least sesqui-fold or even two-fold size in-
crease of the minimum element of the reconstructed 
image. 

Impact of the discrete holograms  
structure modification on the  
hologram imaging properties

Since most of discrete holograms processing occur 
in the virtual space it becomes possible to modify 
their structure in some way to improve their imag-
ing properties [8, 9]. For example, decreasing the 
function that describes the holographic field inten-
sity distribution by the squared module of the object 
field amplitude makes is possible to eliminate the 
intermodulation interference from the field recon-
structed with a discrete hologram [10]. After such 
modification the following equation will describe 
intensity distribution I’ in the hologram synthesis or 
registration plane:

( )2' 2 cos a rI r ar= + φ − φ . (12)

This modification significantly affects the struc-
ture of the spectrum of the reconstructed field 
and will shape it in a way shown on Figure 2. It 
is evident that the central peaks corresponding 
to intermodulation interferences are gone. The 
object allowable spectrum width is increased 
which permits to reduce the optimal angle of 
reference wave incidence and the allowable size 
of the discrete hologram pixel. Possible con-
trasting distortions in the reconstructed images 
caused by the structure changes are negligible 
in this case since the objects in questions are 
binary.

Fig. 2. Field spectrum reconstructed with hologram of modified 
discrete structure

Correctness of the established equations are con-
firmed by experiments where several holograms of the 
same test object were synthesized (Figure 3).
The following hologram synthesis parameters were se-
lected subject to the established requirements and used 
to perform research described in this paper: operating 
wave length l = 13.5°µm; size of the object structure 
minimum element (1 pixel) at = 80°µm; distance between 
object and hologram planes Rh = 20345°µm; hologram 
sampling period dd = 20°µm; angle of flat reference wave 
incidence θ = 14.67°. Meanwhile the value of the refer-
ence wave incidence angle and the hologram structure 
type (with or without the modification described above) 
were changing in the course of this research.

a)   b)  

c)    d)  
Fig. 3. Standard test object (a) and its images reconstructed 
with a hologram, recorded at the design estimated angle of 
reference wave incidence of θ

 
=

 
14.70 (b); at the reduced an-

gle of θ = 
9.70 without structure modification (c) and with the 

modified structure (d). Images are after threshold processing

Also note that all experiments mentioned in this 
paper were performed using a specialized soft-
ware package developed by Applied and Computer 
Optics Department of the Saint Petersburg National 
Research University of Information Technologies, 
Mechanics and Optics. This package is designed to 
synthesize and digitally reconstruct hologram pro-
jectors [4].
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The research results shown on Figure 3 demonstrate 
that when the incidence angles of the reference and 
reconstructing waves do not satisfy equation (5) it is 
impossible to reconstruct the image of the structure 
identical to the object structure using the synthesized 
hologram. Meanwhile hologram modification has per-
mitted to reduce the allowable angle of the reference 
wave incidence.
The modification under review is useful primarily 
for registration of digital holograms of binary ob-
jects, since the CCD sensors used for this purpose 
generally have low resolving power. Changing the 
incidence angle of the reference wave permits to 
reduce spatial frequency of the registered holo-
graphic structure, which can ensure successful 
registration of hologram with sufficiently large 
size of CCD sensor pixel.

Frequency substitution effect for recording 
and reconstruction of discrete holograms

One more feature of discrete holograms should not be 
ignored. The fact is that the discrete structure of dig-
ital and synthesized hologram results in so-called ef-
fect of substitution or masking of the registered spatial 
frequencies [10, 11]. 
When digital holograms are recorded this effect man-
ifests itself in the following way: the sensor detector 
recognizes high spatial frequencies as lower frequen-
cies within the maximum allowable Nyquist frequency 
equal to |Fn| = 1

 / 2dd, where dd – signal sampling time:

2 2 /2 .r n dmF m dx = + x = + x   (13)

Here xr is the spatial frequency of the registered holo-
graphic structure; x – difference of special frequencies 
xr and 2mFn; 2m – quotient from division of registered 
spatial frequency xr by Nyquist frequency Fn, rounded 
up or down to the nearest whole number.
This paper’s findings include that such effect can be 
used to register low frequency digital holograms under 
large angle of reference wave incidence when the ob-
ject is located on the normal to the registration plane. 
If the hologram spatial frequency is deemed to satisfy 
equation (4), then formula (13) can be translated as 
follows:

sin ' sin

d

m
d

θ θ
= ±

l l
, (14)

where θ – small angle of reference beam incidence 
defined based on Nyquist criterion; θ’ – increased 
beam convergence angle; l – operating wave length; 
m = 0,1,2…  Hence, follows the equation for the allow-
able values of reference beam incidence angle:

( )( )' arcsin sin ( / ) .dm dθ = θ ± l  (15)

This condition may be useful when the hologram can-
not be registered at the reference wave incidence angle 
defined as per (5) due to structural limitation of the 
registration installation.
Note that the frequencies substitution effect is 
manifested not only when registering digital holo-
grams, but also when reconstructing synthesized 
holograms, which makes it possible to reconstruct 
them under the reconstructing beam incidence 
angle larger than the reference beam incidence 
angle used for synthesis.

2. Synthesized Hologram Imaging 
Properties Behavior and the Object 
Representation Method

Since the synthesized holograms have discrete 
structure, certain assumptions related to the impact 
of this structure need to be applied for calculation 
of the complex amplitude distribution. As a result, 
the actual description of the distribution of com-
plex amplitude of object wave in the object plane 
obtained under the assumptions will consist of a 
certain array of discrete counts. The holographed 
object must have the discrete structure to ensure 
successful synthesis, therefore it can be said that ac-
tually the synthesis handles the discrete hologram 
of a discrete object. Hence, the parameters used for 
the object discretization, or its representation meth-
od, cannot but have a certain impact on the imaging 
properties of synthesized holograms [12].
Subject to equation (11) successful reconstruction of 
the discrete object image would require that the syn-
thesized hologram sampling period must be at least 4 
times less than the sampling period of the object itself. 
The same value is accepted as the center-to-center dis-
tance between adjacent dots to form the synthesized 
hologram.
But the research has shown that when the photo-
sensitive resists or optical sensors used have high 
resolution, i.e. their pixel size is smaller than at, this 
method of object representation is hardly suitable 
for practical applications. It should be also noted 
that using the reconstructed image sensors with the 
pixel size below at  to reconstruct the synthesized 
holograms would not affect the minimum pixel size 
displayed in the reconstructed image. In strict com-
pliance with (11) the reconstructed image pixel size 
is defined solely by the hologram sampling period 
and aperture and is equal to at.
Figure 4 shows the test object and its image recon-
structed with different values of resolving power of 
photosensitive resist or CCD sensor used to register 
the image.
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a) b) c)

Fig. 4. Test object (a) and its image, reconstructed with differ-
ent values of resolving power: standard (b), increased 4 times 
against standard value (c)

The images show that as long as the photosensitive 
resists resolving power does not exceed the dot size 
of the original object (this resolving power is called 
standard), the image is kept continuous, which 
means it is suitable for photolithographic process 
(Figure 4b). In the mean time when photosensitive 
resists with larger resolving power are used, the sin-
gle image of the object is actually split into separate 
dots (Figure 4b). 
This effect is caused by disruptions of synthesis of 
Rayleigh criterion according to which the dots that 
produce an image are perceived as separate in case the 
gap of intensity distribution of adjacent dots exceeds 
22.5 % [6]. 
Accordingly, we can formulate the condition for se-
lecting the object representation method for hologram 
synthesis that would ensure continuity of the recon-
structed image. Therefore as per the Rayleigh criterion 
the center-to-center distance between adjacent dots 
must not exceed the Airy disk radius:

1,22( /2 ) ,ER A= l  (16)
where l – operating wave length, A – numerical aper-
ture. Given that

/ ,tA a= l  (17)
where at – size of a separate dot as a minimum object 
elements, we obtain:

0,61E tR a= . (18)
Since the objects under examination are discrete, all 
relations between periods must be in multiples of two. 
Hence the overall requirement to the object sampling 
period which shall satisfy inequation:

0,5 tR a≤ . (19)
According to (19) the hologram synthesis process shall 
include selecting the object sampling period, which is 
at least 2 times smaller than the value calculated based 
on the spatial frequency analysis results.
The research conclusions were confirmed by experi-
ments. For these ends holograms of two objects were 
synthesized – standard test object and a two pixel wide 
vertical line. Different object sampling periods were 
used for synthesis – from 80 µm (design value) to 20 
µm (4 times smaller than design value).
Figure 5 shows the images reconstructed with each of 
the holograms.

It follows from the experiment results that the best 
quality of the reconstructed image is achieved when 
the hologram projector synthesis uses the representa-
tion method with the object sampling period 4 times 
smaller than the optimal period based on (11).
In case of a complex object the difference between the 
second and third images are practically invisible; for 
simple objects minor differences still persist and are 
probably related to higher imaging precision require-
ments.
Therefore it has been established that high quality re-
construction of an image during hologram synthesis 
would require at least four counts of the transmission 
function of the object per each of the elementary re-
solvable fragments of its structure.

a) b)

c) d)
Fig. 5. Images of different objects obtained from reconstruction 
of holograms synthesized with object sampling periods (dot p 
diameter) of: a) 80 µm; b) 40 µm; c) 20 µm; d) 20 µm, after 
threshold processing. Size of the image detector resolving cell: 
10 µm

3. Binarization of Synthesized Holograms 
and its Impact on the Reconstructed Image 
Quality

Binary structure is another important feature of syn-
thesized holograms suitable for practical applications. 
The point is that the computer synthesized hologram is 
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a half-tone transparent overlay consisting of 256 gray 
shades [13]. Meanwhile special laser image generators 
are used to transfer such hologram onto a physical me-
dia. Currently such generators are able to ensure accurate 
transfer of only two tones of amplitude transmission fac-
tor [14]. This requires binarization of synthesized holo-
gram, which in turn further affects its imaging properties.
The hologram is usually binarized at the upper threshold 
subject to the selected binarization level t, which value 
falls in the range from 0 to 256. Generally, the object can 
consist of elements of various sizes. Hence the selected 
binarization level must ensure that after image recon-
struction and threshold processing no object elements 
are distorted, i.e. that their intensity levels are approxi-
mately the same. Research was performed to establish the 
relation between the reconstructed image intensity and 
the original object size. This research included compar-
ing the intensity of two reconstructed objects – a single 
dot and a rectangle sized m × n dots.
The intensity of imn rectangle image would depend on 
the ratio between the areas of original object S0 and 
the Smn hologram aperture section, and also on the dif-
fraction efficiency of this section ηmn. It can be defined 
as follows:

0( / ) .mn mn mni S S= η  (20)
If we assume the dot object intensity as equal to ip, and 
the diffraction efficiency of the corresponding holo-
gram section as ηp, we can determine the ratio of dif-
fraction efficiencies required to ensure equal intensity 
of the reconstructed images of two objects [15]:

( )
( ) ( )

22 2 2

2 22 2

2

2 2

h tmn

p h t t h

m n R a

R a mn a R m n

l +η
=

η l + + l −
.  (21)

The available literature report that the diffraction effi-
ciency of reflective discrete binary relief-phase holo-
gram is defined by the values of the wave length, relief 
height and pulse ratio, interrelated with the following 
equation [16]:

( ) ( )2 2 2(4/ )sin sin (2 / ) ,S hη = π π ⋅ l π   (22)
where S – hologram pulse ratio, h – hologram relief 
height. If we assume that the relief height selected is opti-
mal in terms of achieving maximum diffraction efficiency 
of reflective relief-phase holograms, and is equal to l / 4

 [4], so the appearance of (22) is improved:
( )2 2(4/ )sin .Sη = π π  (23)

Subject to (23) it seems that if the fixed relief height and 
wave length values are assumed the binary hologram 
pulse ratio S is the only parameter that affects its diffrac-
tion efficiency value. Meanwhile the selected level of ho-
logram binarization directly affects the pulse ratio value.
Figure 6 illustrates the holographic field intensity distri-
bution of the hologram of two different-sized object prior 
to binarization.

Fig. 6. Holographic field intensity distribution of two object of 
different area. Relation between pulse ration and binarization 
level is shown

If such hologram is binarized at the level highlighted 
on the figure with the top line, the pulse ratio of two 
aperture sections of the obtained binary hologram S1 

and S2 will be equal to, correspondingly:

1 1 1/S a d=  and 2 2 2/ ,S a d=  (24)
where d1 and d2 – local spatial periods of the hologram.
Based on the completed research and relatively weak 
dependence between S2 and S1 pulse ratio values and 
the selected hologram binarization level, conclusion 
may be deduced as of the impact of the hologram bina-
rization level selection on the relative intensity of the 
images reconstructed with such hologram. Thereunder 
in order to produce an image closest to the original ob-
ject in terms of the intensity distribution, the optimal 
for this purpose hologram binarization level must be 
selected. As shown on Figure 6, there are generally two 
levels of this kind.
The relation between quality of reconstructed imag-
es of differently sized objects and binarization level of 
the synthesized hologram projectors will be illustrated 
experimentally. Figure 7 shows reconstructed images 
of a standard test object, obtained with different holo-
gram projectors.

a) b) c)
Fig. 7. Test object images reconstructed with the holograms 
binarized at medium binarization level (a) and at optimal level: 
before (b) and after (c) threshold processing

The first of these two holograms (Figure 7a) was synthe-
sized at the medium binarization level of 128, which is 
equal to the half of the maximum intensity. The second 
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Fig. 8. Generation of hologram of non-planar object

hologram binarization level (Figure 7b) was determined 
experimentally in terms of smoothing the intensity be-
tween differently sized elements of the reconstructed 
images; this binarization level is equal to 87.The second 
optimum level for this object hologram is equal to 56.
After threshold processing the image reconstructed 
with the hologram binarized at the optimal level com-
pletely matches the original object (Figure 7c), while 
the image on Figure 7a is virtually destroyed.

4. Synthesis of Hologram Projectors 
Designed to Reconstruct Three-
Dimensional Images

Characteristics of synthesized holograms imaging per-
formance permit to generate images on the curved sur-
faces, which can be used in photolithographic process 

among other things [17]. The non-planar object may 
be represented as an aggregate of two-dimensional am-
plitude transparent overlays parallel to the hologram 
synthesis plane at various distances from the hologram 
so that the geometric center of each overlay is consid-
ered to be located on the normal reconstructed from 
the center of hologram. The spacing between adjacent 
transparent overlays in the resulting set must not ex-
ceed the hologram depth of field. Such spacing would 
permit to use a set of standard planar holograms to em-
ulate recording of the hologram intended to reconstruct 
non-planar (three-dimensional) image.
The simplest object of such type is two parallel trans-
parent overlays located at different distances from the 
hologram plane (Figure 8).

Meanwhile the image depth of field cannot exceed the 
value defined by the following equation [18]:

2( / 2 ) ,b n A= ± l  (25)
where А – numeric beam aperture; l – operating wave 
length; n – refractive index of the media between ho-
logram and photographic mask (n = 1 for air). The 
following equation defines the numeric aperture of 
the radiation, diffracted at the smallest element of 
the photographic mask structure for this case of split-
beam hologram with the flat reference wave falling at 
a certain angle against the hologram synthesis plane:

sin / .tA n a= α = l  (26)
Here at – is the smallest photographic mask structure 

elements, specifically the size of one pixel of the dis-
crete hologram may be accepted for such value; α – 
aperture angle of the diffracted radiation.
Operability of the synthesis method of Frensel holo-
gram projectors that generate the image on the curved 
surfaces was verified experimentally; for this pur-
pose a number of hologram projectors were synthe-
sized and reconstructed. Two virtual two-dimensional 
transparent overlays with an image of a standard test 
object were used and spaced at 100 to 500 µm at 100 
µm steps. At standard synthesis parameters as per 
(25) the depth of field of the reconstructed image shall 
correspond to value b = ± 237 µm. Each hologram was 
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reconstructed at two values of the distance between 
the hologram and the image recording plane h1 and h2, 
that define the best reconstruction of the correspond-
ing transparent overlays that form a non-planar ob-
ject. Figure 9 shows the research results.

a) b)

c) d)
Fig. 9. An image in the recording plane at the distance of h

1
 

(top) and h
2
 (bottom) with the distance between transparent 

overlays a) 100 µm from each other, b) 200 µm, 
c) 300 µm, d) 500 µm

As one can see both images are practically identical as 
long as the distance between the object does not exceed 
the depth of field during the synthesis (Figure 9 a, b). 
With larger distance, quality of one image deteriorates 
gradually (Figure 9 c) until it is completely destroyed 
(Figure 9 d).

Conclusion
In summary, this research work included complete exam-
ination of key imaging properties of discrete holograms. 
Requirements to the ratios between the following major 
hologram synthesis or recording parameters were es-
tablished: reference wave angle of incidence θ, operating 
wave length l, minimum size of the object structure el-
ement at, and hologram pixel size dd. These ratios need 
to be satisfied to reconstruct high quality images with 
discrete hologram. Besides that, research covered pos-
sibility of the hologram structure modification to relax 

the established requirements, and possible practical ap-
plication of specific discrete hologram properties such as 
frequency substitution effect. Methods of practical appli-
cation of this effect were proposed.
Besides that, the research examined the impact of the 
object representation method and hologram binarization 
on its imaging properties. Examination covered peculiar-
ities of synthesized holograms imaging properties as ap-
plied to photolithography on curved surfaces. The equa-
tions that permit to emulate the three-dimensional object 
hologram recording with a set of standard flat holograms 
were established and experimentally verified.
Results of experimental verification of all established the-
ories were presented.
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